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ABSTRACT

The set of kinetic differential equations for star-coupling of poly-
mers have been solved rigorously both with and without the effect
of steric hindrance. The relations between the molecular param-
eters of star-branched polymers and those of prepolymers are de-
rived. When the star-coupling reaction goes quantitatively to com-
pletion, the same theoretical result was obtained, no matter whether
there is steric hindrance or not. In this case, the more arms in the
star-branched polymer, the more homogeneous is the molecular
weight distribution; if the number of arms is large enough, the
molecular weight distribution will become very narrow and almost
be independent of the polydispersity of the arms,

One of the basic methods for synthesizing star-branched polymers
is a coupling reaction between prepolymer and linking agent. Some
authors [1-3] have dealt statistically with this problem without consid-
ering the effect of steric hindrance. In this paper the star-coupling
reaction with or without steric hindrance was studied comprehensively
by solving the set of kinetic differential equations. The expressions
for the molecular weight distribution function and other molecular
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parameters of star polymers were derived vigorously. For better
understanding, the case that neglects the effect of steric hindrance
was treated first. The influence of steric hindrance on various
molecular parameters of star polymers is then taken into account in
Section IV.

I. KINETIC EQUATIONS AND THEIR SOLUTIONS

First of all, let us define several parameters:

N: the initial concentration of the linking agent

r: the functionality of the linking agent

P: the initial concentration of prepolymer

Pn = Pa_: the initial concentratlon of n-mer in the prepolymer,
so that a, (= P, °/P) represents the corresponding

number fractlon of n-mer
Pn: the residual concentration of n-mer of prepolymer

Nn (% : the concentration of star polymer with ¢ arms and n mono-
o meric units
NO[ ). the residual concentration of linking agent

It had been reported that the effect of steric hindrance can be
eliminated with the aid of the so-called "capping" technique [4]. Dur-
ing such a reaction process, the activity of every functional group of
the molecule of linking agent is the same, being independent of the re-
action time. Then the reaction equations are

N+ p, —R o\

ctLl (L+1]
Ne 4 P bR Ny {=1,2,, 71,

It is evident that the following constraint or conservation conditions
must hold:

SP=—P-3t ng N (1)

{=1

-NE°J=§‘ SN, (2)
= hei
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The kinetic differential equations adapted to the reaction scheme
written above are:

ol

A_N_,_ - &)
1t ThN ZPn

_IP___ThN”Pn g:(r L)thZNm.

(O]

. kNP, = (r- n)anZP

46}
dN = (7-1- l)ktPN- “(Y"L)ka\uZPn. , 1=2,3,-

The corresponding initial conditions are

[']‘t=O—N Pnlt:o—R, ZPnIt:ro P anl«t-o (t"—'l,2,"'

From Eq. (4) and constraint conditions, we obtain
dPa
TE——"k'Pn{TN -P"';Pn} .

It follows that

i%tﬂ=-k{m-?+ TR

Putting

namely
Z.Pv\,-_—' P( ! _l) y
substituting Eq. (10) into Eq. (8) leads to

%%=Ph<f—7t>(l—7t>,
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(6)

»

(7

(8)

(9)

(10}

(11)

7).
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where

f=TN/P (12)
is the equivalent ratio of linking agent to prepolymer,

Then, Egs. {3)-(6) can be transformed into the following set of
linear differential equations:

[o] [°]

FTe a‘-l

dh __ P

FiE e

AN YNoB  _ _(-0Na

i PE-N-N) f-2 -

-1

dN[U (7-L+1) P Nn— l - ._(Y_“.N_[_[_:_I_. {(=2.3,--. 7.
DT e g T

The initial conditions of these equations transform into

[O]h"' '—N Pnll— Pn y Z‘Pnll_ —P N (]IX=°=O ((’=|72;"',Y),

Solving Eq. (13), we have

N =N (-4 (17)
where
=_X_,_= P— Pn
% f YN (18)

is defined as the degree of coupling, and X as the extent of reaction of
prepolymer.
From Eq. (14), the expression of Pn becomes

P =Nr( ~%) ok, (19)
It can be derived from Eq. (15) that

= NY§(1-9) oln. (20)
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Similarly, for ¢ = 2, 3, ..., r, the following equation can be obtained:
L
N =N(} g g0 Z"ﬂ'otnh (21)

where n, is the degree of polymerization of the k-th arm star-branched

species with £ arms, and ank denotes the number fraction of n, -mer

among the prepolymer.

Equation (21) is the general expression of the molecular weight
distribution function of the star polymer with ¢ arms, the factor of
which,

8
Oy = (22)
Z H n =),

can easily be calculated if the molecular weight distribution function of
prepolymer has been given (see Section V below).

II. STATISTICAL MOMENTS

Since several molecular parameters of the star polymer are related
to the statistical moments, it is necessary to derive the expressions
for the various moments. We can obtain the following equations directly
from Eq. (19):

2P Nr( ~%. (23)
Z "h= Nr( - §) TNk, (24)
> rh= Nr(f §)Z.vick. (25)

For the derivation of the moments of star polymer with ¢ arms, it is
convenient to solve a differential equation such as

{ n-{+ {-
LEmN  oE e PN S e
el _ _ D= Nn §=0,1,2. [=1,2,Y
otx PN fL o o

(26)
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From this equation, we obtain

>N =N (g g (20
xR
> N =NL(D§ -7 now, (28)

2 N =L 4T o s con(Tnenf ], o)

n=1

These formulas are rather simple, and a number of expressions of the
molecular parameters of star polymers can be derived from them.

1I1. THE MOLECULAR PARAMETERS OF THE
REACTION PRODUCT

Before the star-coupling reaction is quantitatively complete, there
are various species in the reaction system that differ from each other
in the degree of branching. Besides the species of star polymers with
various numbers of arms, there are also a number of linear polymers,
including the one-arm polymer, the two-arms polymer, and the residual
prepolymer. Therefore, before or after the separation of linear poly-
mer from the product of the star-coupling reaction, each molecular
parameter of the product should have a different expression.

Let Nn be the molecular weight distribution function of the product;

'P'n and ?W represent the corresponding number- and weight-average
of polymerization; By and BSZW denote, respectively, the number and

weight fractions of the star polymer with ¢ arms among the product;
and B be the average degree of branching. The expressions of these
parameters are listed in Table 1, where Fn" and FW° are defined as

the number- and weight-average degrees of polymerization of pre-
polymer.

It is obvious that all parameters of the product vary with the reac-
tion time. From Eqs. (11) and (18), we know that

%= PRU-$)C- £9) (30)

and it follows that
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- ePkcl—f)t

W y M’;IQM. fﬂsf_
%-_- (31)

Pkt
PRS0 W f= .

Substitution of Eq. (31) into the formulas in Table 1 gives parameters
as functions of the variable t, and then their values can be computed
for any stage of the star-coupling reaction.

IX. INFLUENCE OF STERIC HINDRANCE

Fetters et al. [4] had pointed out that the aspects of steric hindrance
cannot be neglected when living polystyrene or living polyisoprene is
used as the prepolymer in star coupling. In this case, the set of kinetic
differential equations is as follows:

]
ARtk NP (32)
=-; -k P,g NG (33)
%‘A'-- YR NP, - (-DkN 2 Pr (34)

1]
L*I“i“—-w-w)k{..z PNaa —(r-URNG S P (35)

=i
1=2,3,, 7

In Eq. (33), we have put:

PPN E r-ORBE N = 5 -0k B E N

The initial conditions of Egs. (32)-(35) are the same as those men-
tioned in Section I, Since the values of ko, kl’ cees kr-l are different

from one another, we manage to find a new way to settle this problem.
By assuming

t
x= |, Zhit (36)
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the following matrix equation can be derived from Eqs. (32), (34),
and (35):

to3 1]
&\ [ Ne
] o]
2| | 0 2
] 2]
dEM 0. (r-nk, —r-uk Z N
™. ] a n
4x — i \\ N, \\ ]
| | AN N\ N |
| AN N \
] | N A N\ !
I | Y AN '
j | N N \ [
} ' N, . N
; : \\ AN \\\ l,
i N
! : NN ;
; ; NN ;
: i \\\ \\\ \\\ ||
] )
JI.IV[L} : . . N y AN L;\[m
AN |l e e e (H.M) | =(r=
S 0 b ( t)it =i
(37)

From this set of differential equations, we obtain

~rkex

NS'=Ne (38)

and

1
ZNu -NTTu img {-cr-ikjx} (39)

i=0 =0 (Y—«)k, (Y-j)k;

L
where the symbol ']T denotes that index i is never equal to index j

=0
in the successive product of ® factors.

It is well known that the living prepolymer chains of different
lengths have the same activity. Hence, the prepolymer reaction with
the linking agent is completely random. In other words, the probability
for each living chain of prepolymer to undergo reaction is the same,
independent of its length, Consequently, P /Z) P must be equal to P °/
P, namely
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Po/ZPa=Oln. (40)

With Eq. (386), a transformation for Eqs. (33)-(35) can be made:

¢A=—m§}YUhZN. (41)
=0
)]
e N (1R, )

188 ~{+ |
dN"]“ (r- L*')kc—urilPN[“ an = Q- UkLNm. (43)

From Eq. (41), it was derived that

P,= OLn[P NZZ r- -k . { %P[—(T'J)kax]}](44

7o =6 i=0 (T-t)ka"(Y‘J)ft,'
It follows that

(ipki .
2 h=P- NZZ ’m{"%ﬂ'“‘mﬂ]}. (45)

=0 =0 +=0

Solving Eqs. (42) and (43), we have

-t

L .
No Nm”*%ﬂwmﬁﬁrﬂw, (4

where the expression of Q(n) has been given in Eq. (22), Equation (46) is
the molecular weight distribution function of the star polymer with £
arms formed during the coupling reaction with steric hindrance being
not negligible.

According to the definitions of the degree of coupling and the extent
of reaction of prepolymer given in Section I, these parameters can be
expressed as

o 5 o 7 s

i 770 "0 (-Dki-(1-)k
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and
_N< L ; (r-9ke ) oy .
" P ; ; im0 “"'?k«-“"a)h,- {' ewP[ (Y Q)k(x.]} .

Substituting Eq. (21) into the left-hand sides of Eqs. (27)-(29)
leads to the following equalities:

S5 o=t 0
k=!

=1 ~
wni "

oo t
>ndy ([ oty =12 no. (50)
n

k=
=n
Z

in’ 2: ﬁ%’ L{;Y\.‘OL,‘%‘(L—‘)(ZYLO(M):}. (51)

-n R=I
R

T
o~
e

Therefore, the first- and second-order moments of the star polymer
with 2 arms are as follows:

ZnNS]=N12‘rYL°‘ﬂT(Y Dk: Z T]' exp(-tr-Dhjx]  (52)
n

j=0 0 (y-QRi—(1- J)h.‘)

2N "NL[ZW““ 'J(Zﬂdn)}mv-oh 57 ealo-dhyd

n o im0 (T-Dke—(r-Dk;

(53)

The zeroth order moment has been given to Eq, (39).

For the case of this section, the expressions of various molecular
parameters defined in Section III for the products of the star- coupling
reaction, i.e., N P P » By, By B,and P /P can easily be de-

rived from Eqgs. (39) (52), and (53) and have been omitted here.
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V. CALCULATION OF Q{n)

For star coupling both with and without the effect of steric hindrance
the respective molecular weight distribution functions of the star
polymers generated include the same factor, namely Q(n). If the
molecular weight distribution of the prepolymer is known, Q(n) can be
calculated, as will be shown in this section.

Supposing there are £ identical series (2,Z + 0222 + g +0e)

multiplied by each other, we pick out one term from each bracket, that

2

is, anlznl from the first bracket, otnzzn2 from the second bracket,

ceny anank from the k-th bracket, and so forth, and then multiply
them together, i.e.,

t

L n,
'[Totnkz%"

k=1

This happens to be the typical term of the expansion of (aIZ + 012Z2 +
Cra Z™k ; ...)% pefore combining the similar terms. If the terms

in which the exponent of variable Z equals n are gathered together,

we have
L n
JT oz
i h=|
2 Ne=n
k=i

is the coefficient of the term for Z" in the expansion (after combining
similar terms) of a generating function as follows:

GE)=(oLZ FOLE A b Otn,,zn" oo )L- 50
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In other words, if the generating function G(Z) is expanded,
n
GE)=2_LUME, (55)

then Eq. (22) can be obtained. A few practical examples are taken
into account below.

(i) The prepolymer follows a Poisson distribution:

-l -
_ t“k e T (56)
(Mg-1)! ’
n-t LT
AT L e
G(z)—— ef' Z gl__é_ Z'n )
n (n-{)!
hence
n-t -LT
om= e (57)
(n-1)!

(ii) The prepolymer has the Flory (most probable or geometric)
distribution:

Ol =P™ (=P, (58)

G@=o-pieta-pzy,

=3 (P epte
hence
am= ()P wnt- (59)

(iii) The prepolymer foliows the Gold distribution [5, 6]:

. ag™”® (G-aye] ¢
(1—)™ (1-¢*%) {‘ Z

=0 14 !

~(1~0)T

} . (60)

Lat { t

L y -
G(Z)= ?‘i_u)‘ ( ,_f_ ) fl-e_tz'(' m} ’
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L -Lon: _h(l_a_)-c m l (ktz)
Zre.le(") (k) {;(t— -0 }{Z }
tu. n-t-! qu-a‘)t]‘.e—k(l_a') T n
—‘Z (u—A) (l ““) g< ) ( = o ) 1! £
hence
ote ~tae n-i-ty (k- &)t] e -kra)t
QW—W u) Z( ) - . (61)

In general, living polymers follow the Poisson or the Gold distribu-
tion; the living polymer formed in equilibrium polymerization falls
within the Flory distribution [7, 8], so the examples given above are
of practical importance. If the prepolymer has some other distribu-
tions, ©(n) can be derived in a similar manner,

VI. THE CASE OF q = 1

During synthesis of star-branched polymers, the reaction system
is always allowed to proceed for a long time to complete the coupling
reaction quantitatively, Once all the functional groups of the linking
agent have been consumed, i.e,, ¢ = 1, there is only one star species
with r arms in the reactor. The excess prepolymer can be removed
because its molecular weight is much smaller than that of the star
polymer formed. Under the conditions discussed here, the same re-
sults are obtained no matter whether there is steric hindrance or not
in the star-coupling reaction. For example, both Egs, (21) and (46)
are simplified to the following equation for q = 1:

NN o (62)

-ﬂ.

The corresponding number- and weight-average degrees of polymer-
ization are

Pa=tR, (63)
Pe=T +(r-vP°, (64)
Then the polydispersity is

B/ Pu=1++(R/E - 1), (65)
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Equations (63)-(65) are identical with those derived in terms of
statistics [2]. From Egs. (57), (59), and (62), it can be concluded
that the star polymer will still have a Poisson distribution if the pre-
polymer had the same distribution; alternatively, when the prepolymer
has a Flory distribution, the star polymer formed follows the binomial
distribution. It is known that the Poisson distribution may be trans-
formed into a normal distribution if n is large enough; under those
conditions, the plot of the binomial distribution becomes a continuous
curve of symmetric shape, the limit of which is the curve of a normal
distribution as well. That is to say, in spite of the fact that the Pois-
son distribution is very narrow and the Flory distribution is rather
wide, the difference in the molecular weight distribution of the pre-
polymer has little influence on that of the resultant star polymer if r
is larger.

Furthermore, from Eq. (65) we can draw the following conclusions.

(i) The more arms the star polymer has, the more homogeneous
is the molecular weight distribution.

(ii) No matter what the polydispersity of the prepolymer is, as
long as the following inequality is satisfied,

T >10(Pa/Pa -1). (66)
we have
R/ P <L (67)

This means that the star polymer has the narrowest normal distribu-
tion under Condition (66), The relation between PW /Pn and r is

shown in Fig. 1. The experimental data reported recently by Fetters
et al. [9] have been treated by the equations given above, and the re-
sults obtained are listed in Table 2.

Table 2 shows that the theoretical results are in keeping with the
experimental data, However, it was expected that since the prepoly-
mer already possessed a very narrow molecular weight distribution,
so did the resultant star polymer. In order to test our theory more
stringently, it seems necessary to study experimentally the star-
coupling reaction of a prepolymer with a broad molecular weight dis-
tribution.
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2 2 4 6 ) 0
r

FIG. 1. Relationship between polydispersity ﬁw / ﬁn and degree of

branching r. For curves 1, 2, 3, and 4, the respective values of the
polydispersity of the prepolymer are 5, 4, 3, and 2.
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